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Secret key distillation over satellite-to-satellite
free-space optics channel with a limited-sized
aperture eavesdropper in the same plane of the
legitimate receiver
Ziwen Pan and Ivan B. Djordjevic
Abstract—Conventionally, unconditional information security
has been studied by quantum cryptography although the assump-
tion of an omnipotent eavesdropper is too strict for some realistic
implementations. In this paper, we study the realistic secret key
distillation over a satellite-to-satellite free space optics channel
where we assume a limited-sized aperture eavesdropper (Eve) in
the same plane of the legitimate receiver (Bob) and determine
the secret key rate lower bounds correspondingly. We first
study the input power dependency without assumptions on Bob’s
detection scheme before optimizing the input power to determine
lower bounds as functions of transmission distances, center
frequency or Eve aperture radius. Then we calculate analytical
expressions regarding the SKR lower bound and upper bound as
transmission distance goes to infinity. We also incorporate specific
discrete variable (DV) and continuous variable (CV) protocols for
comparison. We demonstrate that significantly higher SKR lower
bounds can be achieved compared to traditional unrestricted Eve
scenario.
I. INTRODUCTION
Quantum cryptography theoretically promises unconditional
informational security in physical layer. The first quantum key
distribution (QKD) scheme, BB84, was developed in 1984 by
Charles Bennett and Gilles Brassard [1] in which the security
is based on no-cloning theorem and one-time pad encryption.
This was the starting point for discrete variable QKD (DV-
QKD) where single photons are transmitted, providing security
while also requiring harsh conditions for realistic implemen-
tations, and various protocols have since been proposed [2],
[3], [4], [5], [6], [7].
Nowadays with the uprising need for security in commu-
nication, people have been working to implement QKD in
realistic application scenarios and thus continuous variable
QKD (CV-QKD) has become an attractive field thanks to
its advantages in experimental implementation, e.g., protocols
based on coherent laser light and heterodyne detection [8], [9].
However most research around the security of QKD assumes
no restrictions on the eavesdropper (Eve) at all except the law
of physics, which is not the case for realistic application. In
our papers [10], [11] we have presented the theoretical analysis
of realistic secret key distillation by performing achievable
rate calculation with certain restrictions to Eve’s collecting
ability, for example the aperture size of Eve’s receiver if secret
key distillation is implemented in a wireless communication
channel.
In recent years, with the development of satellite-based
free-space communications [12], the capacity and security
of communication between satellites have become important.
Thus interests have been rising surrounding free-space secret
key distillation for satellites, especially since the work on
satellite-to-ground quantum key distribution in 2017 [13] and
there have already been some interesting works analyzing
such a unique application scenario [14], [15]. With our results
on the restricted eavesdropping model [10] focusing on the
limited collecting ability of Eve, which can easily apply on
satellite based free space channels, as a continuation of [16] we
look into one of the typical scenarios where Eve’s collecting
ability is taken into consideration with the assumption of a
limited-sized aperture for Eve. We assume that Eve’s aperture
is located in the same plane with Bob whereas the case when
she can optimize her position after Bob is analyzed in [17].
In Section. II we introduce the problem setup of the
limited-sized aperture of Eve in the same plane of Bob and
calculate the channel parameters assuming that Gaussian beam
is transmitted. Based on this, in Sec. III we analyze the input
power dependency of secure key rate (SKR) lower bounds with
assumptions of different channel parameters. Then in Sec. IV
we optimize input power based on the results from Sec. III.
We further investigate perfect and imperfect reconciliation
schemes respectively in Secs. IV-A and IV-B. We study the
scenario where Eve’s collecting ability is limited by the size of
her aperture. We show that when Eve is in the same plane with
Bob, as long as her aperture size is limited we will be able to
achieve a non-zero secret key rate lower bound as transmission
distance goes to infinity. We also present the comparison
between Gaussian-modulated CV-QKD and decoy-state BB84
(DS-BB84) protocols under similar assumptions.
II. LIMITED-SIZED APERTURE SCENARIO SETUP
In this section we introduce the Limited Aperture Scenario,
in which we assume that Eve has a limited-sized aperture
AEve (Ae) with radius rEve (re), as in Fig. 1. In this paper
we only look at this straightforward case which actually gives
us very interesting results when Eve’s aperture is in the same
plane as Bob’s aperture with no overlapping. In this case, the
optimal position is when Eve’s aperture is tangential to Bob’s
aperture, as illustrated in Fig. 1. Here we denote the area of
transmitter aperture as AAlice (Aa) with radius rAlice (ra) and
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the area of receiver aperture as ABob (Ab) with radius rBob (rb).
Since space optical communication usually uses near-infrared
(NIR: 750nm to 1450nm) and short-infrared (SIR: 1400nm to
3000nm) wavelength ranges [18], we would mostly focus on
1550nm in this paper.
Aa
AbL
Ae
Fig. 1: Geometric setup of the limited-sized aperture scenario.
Aa is the transmitting aperture (Alice) area and Ab is the
receiving aperture (Bob) area. L is the transmission distance
between Alice and Bob. Ae is the eavesdropper aperture area
which is placed in the same plane as Bob’s aperture.
Although for conventional free space communication the re-
ceiver aperture diameter usually ranges from a few centimeters
to even a few decimeters, to get an optimistic estimation on
how large Eve’s aperture can be, we take into consideration
the latest technology level in manufacturing such a receiver
aperture. Currently one of the largest optical observatories,
the Giant Magellan Telescope, is designed around a 25-meter-
diameter primary mirror with a collecting area of 386m2
consisting of seven 8.4-meter-diameter segments [19]. How-
ever, we should also consider the limiting factors that come
from the application scenario of satellite-to-satellite commu-
nication such as the difficulty of transporting such a large-
sized receiver aperture into space and making it work. To
get a fair reference on that, for instance, the Hubble space
telescope, which works in the near ultraviolet, visible, and near
infrared (approximately 0.1µm to 1 µm) spectra, has a 2.4-
meter-diameter primary mirror at its center [20]. Its planned
successor, the James Webb Space Telescope, which works at
an extended wavelength range of 0.6µm to 27µm [21], has a
segmented primary mirror with its diameter at approximately
6.5m [22]. Some other devices designed to work mainly in
infrared wavelength range use even smaller apertures. For
example, the NASA infrared-wavelength astronomical space
telescope ”Wide-field Infrared Survey Explorer” uses a 40cm-
diameter infrared telescope [23]; the European space telescope
”CHEOPS”, which works at visible-near-infrared range of
3301100nm, features an aperture of 30cm in effective diam-
eter [24]. For this work we will present the analysis using
the typical aperture size for free space communications and
study the potential rate using large-sized apertures. In reality,
things would be more complex since Bob would surely try to
increase his aperture as well to compete with Eve’s increased
aperture.
If we assume that the Gaussian beam is being transmitted
in space, the amplitude squared expression of the transmitted
light beam can be expressed as:
‖U(ρ, L)‖2 = I0
(
W0
W (L)
)2
exp
(
− 2ρ
2
W 2(L)
)
. (1)
where W0 is the waist radius of the Gaussian beam. Since
generally a Gaussian beam with a larger waist radius requires
a larger transmitter aperture, in the rest of this paper, without
loss of generality, we assume W0 = ra to study how the
transmitter aperture size would affect the achievable rates by
affecting the beam diameter. Here I0 is the intensity at the
center of the beam at its waist, L is the propagation distance
with
z0 =W
2
0
pi
λ
, (2)
W (L) =W0
√
1 + (L/z0)2, (3)
ρ2 = x2 + y2. (4)
with x, y being the transverse coordinates and λ being the
wavelength of the beam being transmitted, which is set to
1550nm in the rest of this paper unless specified otherwise.
z0 is the Rayleigh length for Gaussian beam propagating in
free space.
Without loss of generality due to the symmetric power
distribution on receiving plane, we assume that Eve puts her
aperture right above Bob’s aperture and perform the integration
respectively to get each one’s receiving power PBob and PEve.
We also assume Bob’s aperture radius to be rb and Eve’s one
to be re.
Bob and Eve’s received power can be calculated, respec-
tively, as follows:
PBob = I0
∫ rb
−rb
pi3/2W 30 e
− 2pi
2W20 y
2
A erf
(√
2piW0
√
r2b−y2√
A
)
√
2
√
A
dy,
(5)
PEve =
I0
∫ re
−re
−
pi3/2W 30 e
− 2pi
2W20 x
2
A E
(√
2piW0C√
A
,
√
2piW0B√
A
)
2
√
2
√
A
dx.
(6)
with
A = pi2W 40 + λ
2L2, (7)
B =
√
r2e − x2, (8)
C = rb + re, (9)
E(x, y) = erf (x− y)− erf (x+ y) , (10)
The total power in this Gaussian beam is:
Ptotal = I0
piW 20
2
, (11)
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Now we can calculate Alice-to-Bob transmissivity (η) and
Eve’s fraction of collected power (κ) [10] by:
η =
PBob
Ptotal
, (12)
κ =
PEve
(1− η)Ptotal , (13)
Also for noise frequency dependence we use the black body
radiation equation with ne being the mean photon number per
mode for the thermal noise:
ne =
1
e
hf
kT − 1
. (14)
where h is the Planck constant, k is the Boltzmann constant,
T = 3K is the space temperature and f is the center frequency
in Hz that we use in transmission.
III. INPUT POWER DEPENDENCY
In this section we investigate the input power dependency of
SKR lower bounds based on Eqs. (12), (13) and (14). Recall
from [10] that the lower bound for direct (K→) and reverse
(K←) reconciliation respectively in a quantum thermal noise
wiretap channel with reconciliation efficiency β ∈ (0, 1] are
given respectively as:
K→ ≥ βg (ne(1− η) + ηµ)−
∑
i
g
(
νERi − 1
2
)
− βg (ne(1− η)) + g (ne(1− ηκ)) , (15)
K← ≥ βg(µ)−
∑
i
g
(
νERi − 1
2
)
− βg
(
µ− ηµ(1 + µ)
1 + ne − neη + ηµ
)
+
∑
i
g
(
νERyi − 1
2
)
.
(16)
where g(x) is defined as:
g(x) = (x+ 1) log2(x+ 1)− x log2(x). (17)
Here µ is the average photon number that Alice transmits to
Bob. If we make reasonable assumptions on Aa, Ab and use
Ae as a parameter then we can plot direct (dashed curves) and
reverse (solid curves) SKR lower bounds against input power
µ. Below in this section we use yellow curves to denote the
case when Eve’s aperture is larger than Bob’s (re > rb) while
blue curves denote the case when Eve has a smaller aperture
(re < rb). The transmission distance is set to 10km.
In Fig. 2 we present the lower bounds as functions of input
power with different Eve aperture size when reconciliation
is perfect (β = 1). We can see that for both reconciliation
schemes the SKR lower bounds increase with increasing input
power, which means that the optimal input power is infinity
when reconciliation is perfect (β = 1). We can also see that
when Eve’s aperture is small (re = 2cm < rb), the direct
reconciliation (blue dashed curve) can exceed the reverse
reconciliation (blue solid curve). However when Eve’s aperture
increases (re = 12cm > rb), the direct reconciliation (yellow
dashed curve) rate drops below reverse reconciliation (yellow
solid curve). This is because increasing Eve’s aperture only
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a
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reverse lower bound, rEve=0.02m
direct lower bound, rEve=0.12m
reverse lower bound, rEve=0.12m
Fig. 2: SKR lower bound vs. input power. The transmission
distance L is 10km. Radius of Eve aperture (re) are specified
in the legend. Reconciliation efficiency β is set to 1. Trans-
mission center wavelength λ is set to 1550nm. Transmitted
Gaussian beam waist radius is set to W0 = 5cm. Bob and
Alice aperture radius are set to rb = ra = 5cm.
increases Alice-to-Eve transmissivity by increasing κ without
affecting Alice-to-Bob transmissivity η, which would decrease
direct reconciliation rate more, similar to what we saw in [10].
Next in Fig. 3 we set the reconciliation efficiency to 0.9.
With re = 12cm, compared to Fig. 2 we can see a finite
optimal input power for Alice when reconciliation is imperfect.
However when Eve’s aperture is small (re = 2cm < rb)
we can obtain higher key rate exceeding this optimal input
power. Similar to the perfect reconciliation case, here the direct
reconciliation SKR lower bound (dashed curve) decreases
below reverse reconciliation (solid curve) as Eve’s aperture
size increases.
IV. LOWER BOUNDS WITH OPTIMIZED INPUT POWER
In this section we optimize the input power and study the lower
bounds as functions of transmission distance, center frequency
and Eve’s aperture size. Since in Sec. III we have already
seen that the optimized input power is different for different
reconciliation efficiencies, we first study the case with perfect
reconciliation in Sec. IV-A with input power taken to infinity.
Then in Sec. IV-B we optimize the input power accordingly
with imperfect reconciliation.
A. Perfect Reconciliation Scheme
From Fig. 2 we conclude that the optimal input power is
infinity when β = 1. In Fig. 4 we plot the above SKR lower
bounds with β = 1 and µ→∞ as the maximum of Eqs. (15)
and (16) against transmission distance assuming equal aperture
sizes for Alice and Bob (ra = rb = W0 = 0.05m). Here we
assume the center wavelength of 1550nm.
Clearly, from Fig. 4 we can see that the SKR lower bounds
converge to non-zero values either when transmission distance
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a
=0.05m, rb=0.05m, L=10km, =0.9
direct lower bound, rEve=0.02m
reverse lower bound, rEve=0.02m
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Fig. 3: SKR lower bound vs. input power. The transmission
distance L is 10km. Radius of Eve aperture (re) are specified
in the legend. Reconciliation efficiency β is set to 0.9. Trans-
mission center wavelength λ is set to 1550nm. Transmitted
Gaussian beam waist radius is set to W0 = 5cm. Bob and
Alice aperture radius are set to rb = ra = 5cm.
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SKR vs. transmission distance with rAlice=rBob=0.05m
lower bound, rEve=0.02m
lower bound, rEve=0.05m
lower bound, rEve=1m
lower bound, unrestricted (rEve= )
Fig. 4: SKR lower bound vs. transmission distance L with
optimized input power (infinity as reconciliation efficiency β
is set to 1). Radius of Eve aperture (re) are specified in the
legend. Transmission center wavelength λ is set to 1550nm.
Transmitted Gaussian beam waist radius is set to W0 = 5cm.
Bob and Alice aperture radius are set to rb = ra = 5cm.
Unrestricted Eve’s case [10] is also included for comparison.
L is sufficiently small or large. When L is small, it’s easy to
see that converging trend as L simply disappears from our
Eqs. (5) and (6) for PBob and PEve when we take L → 0,
which thus gives us distance independent rates. This can be
better understood through the structure of Gaussian beam as
in Fig. 5. We can see that the beam width decreases to the
waist radius as approaching the focus of the beam (z = 0).
We can also see that as we approach the focus of the beam
the beam width decreases more and more slowly to converge
to the waist radius W0. This leads to the non-zero rate when
L is small.
𝑊0
𝑊(𝑧)
𝑧
Fig. 5: Structure of Gaussian beam. Here W0 is the beam waist
radius, W (z) is the Gaussian beam width as a function of the
distance z along the beam.
To understand the constant rate when L is large, we notice
that the channel condition here actually approximates a pure
loss channel as ne ≈ 0 in space (T = 3K) at this wavelength.
Recall from [10] that the lower bound for direct (K→)
and reverse (K←) reconciliation respectively in a pure loss
wiretap channel without transmitting power and reconciliation
efficiency constraints (β = 1, µ→∞) are given respectively
as:
lim
µ→∞,ne→0
K→(β = 1) ≥ log2
η
κ(1− η) , (18)
lim
µ→∞,ne→0
K←(β = 1) ≥ log2
1
κ(1− η)
−
(
g
(
1− η
η
)
− g
(
(1− η)κ
η
))
.
(19)
In Fig. 4 we can see that the SKR lower bounds first de-
crease with increasing distance.When Eve has an infinite-sized
aperture (unrestricted case in Fig. 4), the SKR would drop
to zero as distance goes to infinity since increased distance
only decreases Bob’s collecting ability with no impact on Eve.
However when Eve’s aperture size is limited, the SKR stops
decreasing and stays constant at a non-zero value as distance
goes to infinity. This is because when distance is large, we will
have the collecting ability of Bob and Eve being proportional
to their aperture size:
lim
L→∞
PEve
PBob
= lim
L→∞
ηAE
ηAB
=
Ae
Ab
, (20)
ηAE = (1− ηAB)κ, (21)
where ηAB and ηAE refer to Alice-to-Bob and Alice-to-Eve
transmissivity, respectively.
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Now if we define the ratio of Eve’s and Bob’s aperture as
m:
lim
L→∞
ηAE
ηAB
=
Ae
Ab
=
(
re
rb
)2
= m. (22)
Relating to Eqs. (18) and (19), this would return a non-zero
SKR lower bound as ηAB goes to zero (transmission distance
L goes to infinity):
lim
µ→∞,L→∞
K→ ≥ − log2(m), (23)
lim
µ→∞,L→∞
K← ≥ − log2
((
m
1 +m
)1+m
e
)
, (24)
lim
µ→∞,L→∞
K ≥ max (K→,K←) . (25)
It’s easy to see that when Ae < Ab (0 < m < 1), meaning
that Bob’s collecting ability is higher than Eve’s, we can
have positive SKR lower bound for both direct (K→) and
reverse (K←) reconciliation which would go to infinity when
Ae << Ab (m → 0). However when Ae > Ab (m > 1),
meaning that Eve’s collecting ability is higher than Bob’s, the
lower bound on the direct reconciliation SKR would go to
zero (SKR cannot take negative values) whereas the reverse
reconciliation lower bound remains positive. When Ae >> Ab
(m→∞) the reverse reconciliation lower bound goes to zero
as limm→∞
(
m
1+m
)1+m
= 1e .
In Fig. 4 we can also see that when Eve’s aperture is
much larger than Bob’s (re = 1m), the SKR lower bound
approximates the unrestricted Eve’s case when distance is
sufficiently large. However, when Eve’s aperture is smaller
than Bob’s (re = 0.02m), or even when they are equal
(re = 0.05m), the SKR tends to a non-zero value almost
independent on transmission distance.
Below in Fig. 6 we include lower bounds for both direct and
reverse reconciliation with different Eve’s aperture sizes. Here
we use dashed curves to denote direct reconciliation and solid
curves to denote reverse reconciliation. The unrestricted case
lower bound, which approximates capacity since ne ≈ 0 in this
case, is given with diamond markers for comparison. It’s clear
from Fig. 6 that the reverse reconciliation lower bounds always
become distance independent when transmission distance is
sufficiently large regardless of the aperture size of Eve. When
re > rb (re = 0.07m), direct reconciliation lower bound
shows a limit in its transmission distance as its rate drops
to zero at a finite transmission distance. When re = rb
(re = 0.05m), direct reconciliation lower bound becomes
distance dependent and start to decrease with increasing
distance in a similar manner to the unrestricted case. When
re = 0.02m, we can see that direct reconciliation lower
bound is also distance independent after a certain transmission
distance, and is even higher than reverse reconciliation. To get
the exact threshold for m when direct reconciliation lower
bound exceeds that of reverse reconciliation, we compare
Eq. (23) and Eq. (24) and conclude that for mth satisfying
(mth + 1) log(mth + 1) − mth log(mth) = 1 we have the
direct reconciliation lower bound higher than that of reverse
reconciliation when m < mth. We can numerically solve
mth ≈ 0.54. Thus from Eqs. (23), (24) and (25) we conclude:
lim
µ→∞,L→∞
K ≥
 − log2(m), (m ≤ mth)− log2(( m1+m)1+m e) . (m > mth)
(26)
(mth + 1) log(mth + 1)−mth log(mth) = 1 (27)
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SKR vs. transmission distance with rAlice=rBob=0.05m
lower bound reverse, rEve=0.02m
lower bound direct, rEve=0.02m
lower bound reverse, rEve=0.05m
lower bound direct, rEve=0.05m
lower bound reverse, rEve=0.07m
lower bound direct, rEve=0.07m
lower bound, unrestricted (rEve= )
Fig. 6: Direct and reverse reconciliation lower bounds versus
transmission distance L with optimized input power (infinity
as reconciliation efficiency β is set to 1). Transmission center
wavelength λ is set to 1550nm. Transmitted Gaussian beam
waist radius is set to W0 = 5cm. Bob and Alice aperture
radius are set to rb = ra = 5cm. Radius of Eve aperture
(re) are varied as given. Unrestricted Eve (re = ∞) is also
included for comparison.
From [10] we recall that the upper bound for pure loss
channel (ne = 0) is of the form:
lim
µ→∞max{K→,K←} ≤ log2
(
η + κ(1− η)
κ(1− η)
)
. (28)
With Eqs. (20), (21) and (22) we can rewrite the above Eq. (28)
as:
lim
µ→∞,L→∞
max{K→,K←} ≤ log2
(
η + κ(1− η)
κ(1− η)
)
(29)
≤ log2
(
1 +m
m
)
. (30)
In Fig. 7, we include the above upper bounds with dotted
curves since ne ≈ 0 in this plot. We also take the maximum of
direct and reverse reconciliation lower bound as in Eq. (26) to
plot as the lower bound in Fig. 7 in solid curves. Again, the
unrestricted case lower bound, which approximates capacity
since ne ≈ 0 in this case, is given with diamond markers for
comparison. We can see that when re < rb (re = 0.02m)
the upper bound and lower bound are very close since di-
rect reconciliation lower bound is higher than reverse when
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SKR vs. transmission distance with rAlice=rBob=0.05m
lower bound, rEve=0.02m
upper bound, rEve=0.02m
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lower bound, unrestricted (rEve= )
Fig. 7: Lower bounds versus upper bounds against trans-
mission distance L with optimized input power (infinity as
reconciliation efficiency β is set to 1). Transmission center
wavelength λ is set to 1550nm. Transmitted Gaussian beam
waist radius is set to W0 = 5cm. Bob and Alice aperture
radius are set to rb = ra = 5cm. Radius of Eve aperture (re)
are varied as provided in the legend. Unrestricted Eve case
(re =∞) is also included for comparison.
m < mth ≈ 0.54 and the upper bound log2
(
1+m
m
)
starts to
converge to the direct reconciliation lower bound − log2(m)
when m < 1 & m → 0. Compared with curves in which
re ≥ rb (re = 0.05m and re = 0.07m) we can see that this
gap between the lower bound and upper bound increases with
increasing m, which is equal to relatively increasing Eve’s
collecting ability in comparison to Bob’s.
Below in Fig. 8 we plot the direct and reverse reconciliation
lower bounds versus center frequency whereas the transmis-
sion distance is fixed as 10km. We can see from Fig. 8 that
for any given center frequency reverse reconciliation always
has a positive lower bound whereas direct reconciliation lower
bound drops to zero when frequency decreases below certain
value with re > rb (re = 0.7m in Fig. 8). When re = rb
(re = 0.05m in Fig. 8), direct reconciliation lower bound
increases with increasing center frequency in a similar manner
to the unrestricted case. And when re < rb (re = 0.01m in
Fig. 8) direct reconciliation also has a positive lower bound
regardless of the center frequency. Generally the achievable
rates increase with increasing center frequency as increased
center frequency decreases the beam divergence and thus
decrease the power that can be collected by Eve.
Next in Fig. 9 we include the upper bound (Eq. (28))
and the lower bound (maximum of Eq. (18) and Eq. (19))
versus the transmission center frequency whereas transmission
distance is fixed as 10km. We can see that regardless of
Eve’s aperture size, both the lower bound and upper bound
increase with increasing center frequency and start to converge
to each other once the center frequency is sufficiently high
and becomes frequency independent thereafter. Furthermore
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SKR lower bound vs. center frequency with rAlice=rBob=0.05m, 
transmission distance L=10km
reverse lower bound, rEve=0.01m
direct lower bound, rEve=0.01m
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reverse lower bound, rEve=0.7m
direct lower bound, rEve=0.7m
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Fig. 8: Direct and reverse reconciliation lower bounds as
functions of transmission center frequency f with optimized
input power (infinity as reconciliation efficiency β is set to
1). Transmission distance L is fixed as 10km. Transmitted
Gaussian beam waist radius is set to W0 = 5cm. Bob and
Alice aperture radius are set to rb = ra = 5cm. Radius of Eve
aperture (re) are varied as given. Unrestricted Eve (re = ∞)
is also included for comparison.
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Fig. 9: Lower bounds and upper bounds as functions of
transmission center frequency f with optimized input power
(infinity as reconciliation efficiency β is set to 1). Transmission
distance L is fixed as 10km. Transmitted Gaussian beam waist
radius is set to W0 = 5cm. Bob and Alice aperture radius
are set to rb = ra = 5cm. Radius of Eve aperture (re) are
varied as given. Unrestricted Eve (re = ∞) is also included
for comparison.
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the gap between lower bound and upper bound decreases when
Eve’s aperture size decreases just like what we observed from
Fig. 7.
To have a better understanding of this ”frequency indepen-
dent” SKR lower bound that showed up in Fig. 9 and Fig. 8
when f is either too low or too high, we notice that when
frequency is sufficiently high, if we take center frequency
f → ∞ (equivalently λ → 0) in Eqs. (5) and (6) then
we would get rid of both wavelength λ and transmission
distance L from the expression of SKR lower bound. This
would explain why the SKR lower bound becomes frequency
independent when frequency is sufficiently high since setting
f →∞ is equal as setting L = 0 with λ and L mathematically
bound together through Eq. (7).
Similarly, when frequency f is low in Fig. 9 the SKR lower
bounds and upper bounds also become frequency independent.
And since f → 0 (λ → ∞) is equal as L → ∞ we have the
frequency independent lower and upper bound consistent with
Eq. (26) and Eq. (30), rewritten here as:
lim
µ→∞,λ→∞
K ≥
 − log2(m), (m ≤ mth)− log2(( m1+m)1+m e) . (m > mth)
(31)
lim
µ→∞,λ→∞
K ≤ log2
(
1 +m
m
)
. (32)
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Fig. 10: Lower bounds and upper bounds as functions of
functions of Eve aperture radius re with optimized input power
(infinity as reconciliation efficiency β is set to 1). Transmission
distance L is fixed as 10km. Transmission center wavelength
is set as λ = 1550nm. Transmitted Gaussian beam waist radius
is set to W0 = 5cm. Bob and Alice aperture radius are set to
rb = ra = 5cm. Unrestricted Eve (re = ∞) is also included
for comparison.
In Fig. 10 we present the direct and reverse reconciliation
lower bounds with upper bound and unrestricted case capacity
included as functions of Eve’s aperture radius. Here transmis-
sion distance is set to 10km, center wavelength λ =1550nm.
We can see that when Eve’s aperture size is small the direct
reconciliation rate is higher and approaches the upper bound.
However, when Eve’s aperture size increases the direct rec-
onciliation rate decreases until is lower than reverse recon-
ciliation rate. Both reconciliation rates exceed the capacity
of unrestricted Eve’s case. We can also see that when Eve’s
aperture size further increases, the SKR lower and upper
bounds start to converge to a constant rate as the further
increased Eve’s aperture would only be able to collect more
light in the area farther away from the beam center where the
beam intensity is almost negligible so that increasing Eve’s
aperture size does not increase Eve’s collected light as much
as when re is small.
In the above plots we mainly introduced how Eve’s aperture
size can affect the secure key rate lower and upper bounds. In
reality, to compete with Eve, Alice and Bob would certainly try
to increase their own aperture sizes in order to achieve higher
secure key rates. So here we look at how Alice’s aperture
size, which mainly affects the transmitted Gaussian beam
width in this paper, and Bob’s aperture size, which affects
the legitimate communication party’s receiving ability, would
affect the secure key rate lower and upper bounds. The case
where only Bob’s aperture size is increased is pretty obvious
to see since this would increase Bob’s collecting ability while
diminishing Eve’s, so the SKR achievable rate would certainly
increase for any given transmission distance, as in Fig. 11.
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direct lower bound, rb=0.05m
reverse lower bound, rb=0.08m
direct lower bound, rb=0.08m
Fig. 11: Direct and reverse reconciliation SKR lower bounds
vs. transmission distance L with optimized input power (in-
finity as reconciliation efficiency β is set to 1). Radii of
transmitted Gaussian beam waist are specified in the legend.
Transmission center wavelength λ is set to 1550nm. Eve and
Alice aperture radius are set to re = ra = 5cm.
In Fig. 12 we look at the case where Bob’s and Eve’s aper-
ture sizes are fixed and see how the transmitted Gaussian beam
waist radius would affect both direct and reverse reconciliation
lower bounds. We can see that when transmission distance
is short direct reconciliation achievable rates are higher than
reverse reconciliation achievable rates and when transmission
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Fig. 12: Direct and reverse reconciliation SKR lower bounds
vs. transmission distance L with optimized input power (in-
finity as reconciliation efficiency β is set to 1). Radii of
transmitted Gaussian beam waist are specified in the legend.
Transmission center wavelength λ is set to 1550nm. Eve and
Bob aperture radius are set to re = rb = 5cm.
distance is large the direct reconciliation achievable rates
decrease with increasing transmission distance in a similar
manner as we saw in Fig. 6 when rb = re. On the other
hand, the reverse reconciliation achievable rates converge to
the same constant rate as here re and rb remain the same.
We can also see that when transmission distance is short,
although a Gaussian beam with a smaller waist radius can
achieve higher SKR lower bounds, especially when rb < W0
which makes it easier for Bob to collect most of the photons
in the transmitted beam, as L increases the achievable rates
decrease faster since the Gaussian beam with a larger waist
radius suffer more from the beam divergence induced by the
increased transmission distance.
From Fig. 11 we know that increasing Bob’s aperture size
can always help increase the SKR achievable rate. And from
Fig. 12 we know that increasing Alice’s aperture size can
help increase the SKR achievable rate when the transmission
distance is large. In Fig. 13, with ra and rb both increased at
the same time, we plot both direct and reverse reconciliation
achievable rates as functions of transmission distance. with
rb = ra = W0. We can see that when Bob’s aperture size
also increases, the achievable rate can be further increased
compared to Fig. 12.
In Fig. 14 we further investigate the case when Alice’s,
Bob’s and Eve’s aperture sizes all increase at the same time.
This is based on the assumption that any commercialized
aperture on the market should be available to both the com-
munication parties and the eavesdropper at the same time. We
use this assumption to test how the same technology advance
would affect the communication parties and the eavesdropper.
We can see that the SKR lower bound curves basically
move horizontally along the x-axis, meaning that the SKR
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Fig. 13: Direct and reverse reconciliation SKR lower bounds
vs. transmission distance L with optimized input power (in-
finity as reconciliation efficiency β is set to 1). Radii of trans-
mitted Gaussian beam waist and Bob’s aperture are specified
in the legend. Transmission center wavelength λ is set to
1550nm. Eve’s aperture radius is set to re = 5cm.
achievable rate improves against long transmission distance.
However, since rb/re remains the same, the converging rate
as transmission distance goes to infinity doesn’t change.
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Fig. 14: Direct and reverse reconciliation SKR lower bounds
vs. transmission distance L with optimized input power (in-
finity as reconciliation efficiency β is set to 1). Radii of trans-
mitted Gaussian beam waist and Bob’s aperture are specified
in the legend. Transmission center wavelength λ is set to
1550nm.
Below we present comparison results between Gaussian-
modulated CV-QKD (with coherent states, heterodyne de-
tection and reverse reconciliation) and DS-BB84 protocols
under the limited aperture size scenario. A weak coherent-
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Fig. 15: SKR lower bound for Gaussian modulated CV-
QKD and DS-BB84 vs. input power with perfect information
reconciliation (β = 1, fL = 1). CQQ rates are also included
for comparison. The transmission distance L is 100km. Radius
of Eve aperture (re) are specified in the legend. Transmitted
Gaussian beam waist radius is set to W0 = 5cm. Bob and
Alice aperture radius are set to rb = ra = 5cm. R=1Gbit/s.
Transmission center wavelength λ is set to 1550nm.
state source is assumed to be Alice’s transmission source
and signal-state pulses are transmitted from Alice to Bob
containing µ mean photons per pulse at a rate of R states/s.
For CV-QKD we use the CCQ (classical-classical-quantum)
rate (solid curve) as in Eq. (69) from [10] and for DS-BB84
(dotted curves) we use Eq. (95) with reconciliation efficiency
fL from [10]. We also include lower bounds obtained with
Eqs. (16) as CQQ (classical-classical-quantum) rate (dashed
curves). Here CQQ indicates that one of the communication
parties, Alice or Bob, has performed a measurement on her/his
quantum system, while the other and Eve are yet to measure
their respective quantum systems. On the other hand, CCQ
indicates that both Alice and Bob have performed measure-
ments [10].
In Fig. 15 we plot the comparison between CV and DV
protocols with perfect reconciliation (β = 1, fL = 1). Here
different radii of Eve’s aperture are included for comparison.
We can see that the CCQ rate is lower than the CQQ rate
for the CV protocol. It is also shown here in Fig. 15 that
the DS-BB84 rate is less than the CV rates under perfect
reconciliation.
B. Imperfect Reconciliation Scheme
In this subsection we optimize the input power for the case
with imperfect reconciliation (β < 1). Below in Fig. 16 (a)
we plot the SKR lower bounds as functions of transmission
distance with center wavelength λ = 1550nm, rb = ra =
W0 = 5cm, re = 10cm where we optimize input power
for any given transmission distance as is shown in Fig. 16
(b). We can see that Fig. 16 (a) shows ”constant rates” when
L is large similar to Fig. 4 where reconciliation is perfect
(β = 1). In Fig. 16 (b) we can see that the optimal input
power changes with the transmission distance in a similar
manner regardless of specific reconciliation efficiency. It is
worth noticing that there is a transmission distance where
the optimal input power is the lowest in Fig. 16 (b), which
is around the same transmission distance where the lower
bounds start to converge to constant values in Fig. 16 (a).
In Fig. 16 (b) we can also see that the optimal input power
corresponding to given transmission distance increases with
increasing reconciliation efficiency, which leads to higher SKR
lower bounds in Fig. 16 (a).
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Fig. 16: (a) SKR lower bound vs. transmission distance L
with optimized input power. Reconciliation efficiency β are
varied as given. Transmission center wavelength λ is set to
1550nm. Transmitted Gaussian beam waist radius is set to
W0 = 5cm. Bob, Alice and Eve aperture radius are set to
rb = ra = re = 5cm. (b) Corresponding optimal input power
for Fig. 16 (a).
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Fig. 17: SKR lower bound for Gaussian modulated CV-
QKD and DS-BB84 versus input power with imperfect in-
formation reconciliation (β = 0.95, fL = 1.1). CQQ rate
are also included for comparison. The transmission distance
L is 100km. Radius of Eve aperture (re) are specified in
the legend. Transmitted Gaussian beam waist radius is set
to W0 = 5cm. Bob and Alice aperture radius are set to
rb = ra = 5cm. R=1Gbit/s. Transmission center wavelength
λ is set to 1550nm.
We further plot the comparison between CV and DV
protocols in Fig. 17 with imperfect (β = 0.9, fL = 1.1)
reconciliation. Although in Fig. 15 the DS-BB84 rate is less
than the CV rates under perfect reconciliation, here in Fig. 17
DS-BB84 rate can exceed CV rate with some input power.
However it still cannot exceed CV rate with optimized input
power.
Next we focus on the comparison between CV-CCQ rate
and DS-BB84 rate lower bounds where we also include the
upper bound from Eq. (28). In Fig. 18 (a) we plot the SKR
lower bounds as functions of transmission distance with center
wavelength λ = 1550nm, rb = ra = W0 = 5cm, re = 10cm.
The corresponding optimal input power is shown in Fig. 18
(b) for both CV-CCQ rate and DS-BB84 rate. Here we can
see that Fig. 18 (a) shows a constant rate convergence similar
to Fig. 4 where CV-CCQ rate is always higher than DS-BB84.
In Fig. 19 (a) we optimize the input power and plot the
SKR lower bounds as functions of Eve’s aperture radius re
with center wavelength λ = 1550nm, rb = ra = W0 = 5cm,
transmission distance L = 300km. The corresponding optimal
input power are shown to decrease with increasing re in
Fig. 19 (b) for both CV-CCQ rate and DS-BB84 rate. Here
we can see that both rates decrease with increasing re with
DS-BB84 rate approximating CV-CCQ rate from below.
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Fig. 18: (a) SKR lower bound for Gaussian modulated CV-
QKD and DS-BB84 versus transmission distance L with opti-
mized input power. Upper bound is also included for compar-
ison. Reconciliation efficiency are set as β = 0.95, fL = 1.1.
Transmission center wavelength λ is set to 1550nm. Trans-
mitted Gaussian beam waist radius is set to W0 = 5cm. Bob,
Alice and Eve aperture radius are set to rb = ra = re = 5cm.
R=1Gbit/s. (b) Corresponding optimal input power for Gaus-
sian modulated CV-QKD and DS-BB84 in Fig. 18 (a).
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Fig. 19: (a) SKR lower bound for Gaussian modulated CV-
QKD and DS-BB84 versus Eve aperture radius re with opti-
mized input power. Upper bound is also included for compar-
ison. Reconciliation efficiency are set as β = 0.95, fL = 1.1.
Transmission distance is set as L = 300km. Transmission
center wavelength λ is set to 1550nm. Transmitted Gaussian
beam waist radius is set to W0 = 5cm. Bob and Alice aperture
radius are set to rb = ra = 5cm. R=1Gbit/s. (b) Corresponding
optimal input power for Gaussian modulated CV-QKD and
DS-BB84 in Fig. 19 (a).
V. SUMMARY
In this paper, we have analyzed SKR lower and upper bounds
with respect to relevant channel parameters for a specific
realistic scenario in free-space optics satellite-to-satellite secret
key distillation where Eve only has a limited-sized aperture
in the same plane of Bob. We have shown the input power
dependency in this scenario with perfect and imperfect rec-
onciliation as well as how Eve’s aperture size impacts on the
optimal input power. For perfect reconciliation schemes, we
found out that when Bob’s aperture is comparable to Eve’s
we can get a distance independent SKR at a sufficiently
large transmission distance and we have derived analytical
expressions for both the lower bound and upper bound with
respect to direct and reverse reconciliation. We also showed
similar phenomena with imperfect reconciliation and presented
comparison between Gaussian-modulated CV-QKD and DS-
BB84 protocols under these conditions.
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